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Definition (G. Fejes Toth, L. Fejes Toth, 1973) :
A packing of balls is totally separable if any two balls can be
separated by a hyperplane of E9, disjoint from the interior of each

unit ball in the packing.

Special case: The centers of the balls are from a grid / lattice .

More special case: The centers are from the lattice Z9 .









Press h for help.




More special case: The centers are from the lattice Z¢

— balls can be replaced by cubes = polyominoes

or box-polytopes

= maximal touching nu. = minimal surface
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14 = kissing number = max. number of balls, touching one fixed ball,
cq(n) = contact number = max. touching number of n balls in E9,

c(n,d) = contact number for totally separable packings,

c,(n,d) = contact number for Z4 (balls=cubes, polyomino).

Clearly:

c,(n,d) <c(n,d) <cy(n) < latyn

c(n,d) <dn
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Statement: c(n,d) <dn (totally separable)

"kissing points”  t,, .., T,
totally separable => spherical distance(t;,t;) = "/,
=> k<2d
(equality iff t, , ..., t, form a regular inscribed cross-polytope)
=> "Handshaking Thm."
=> c(n,d)<dn .
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Preliminaries:

Harborth /1974/:  cy(n)=[ 3n — v 12n— 3]

Bezdek, Reid /2013/: cy(n)< 6n — 0.926n3

Bezdek /2002/, d>4: cy(n) < %ﬂ-g n — Zldé T n T
Bezdek /2014/: c(n2)=[ 2n—-2yn ]

well known: c,(N2)=[ 2n—2y/n ]
Alonso, Cerf /1996/: c,(N,3)= 3n —3n3 + o(n3)

open: c(n,d) =c,(n,d) ? for n>2.

where 6, denotes the largest possible density for (infinite) packings
of unit balls in EY. 13



New results:

Thm1: cz(n,d) < |dn—dn"7 |

(2<nd)

(sharp for: d=2, ¥n, d=3, n=k¢ = large cube, not sharp: d=3, n=5) .

d

d—1
Thm 2: c(n,d) < {dn— L J
2d 2

Thm 3: e(n,3) < [3n — 1.346 13 |

http://arxiv.org/abs/1501.07907
accepted to: Discrete Mathematics

n>1,d>4
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d—1
Proofs of Thm 1: cz(n,d) < |dn —dn < |
1) /elementary/:  Z9 contains of levels = inductionond:

CZ(n: d) < max (iCZ(kz ) d_l)_l_mz_ mjn{ki: ki-l—l})

/ "

b+t by, =T Z (ki +2ki+1 |k —2’%:+1|)
i—1

|
™m m—1
ki kn |ki — ki1l

< max (ZCZ(k-,: ,d—1) + n —max k.;) .--

k =1
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d—1
Proofs of Thm 1: ¢z(n,d) < |dn —dn < |

[1) /elegant/:

assume vol(P) = voli(C) Minkowski definiton
then / Brunn Minkowski inequality
i o) — i, P ) wlat)

e—H €

(wle(P)? + volu(cC)?)” —vola(p)
> hm > avolg 1{C)

>0t E

the isommimetric ouokiont

svolg 3 (P)? svolg 1(C)" d
vl BT > welaC) T O

and
2dn — 207(n, d) = svoly_1(P) > 2dvoly(P) "2 = 2dn"T
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Proof of Thm 2:  e(n,d) < {d’n— n
2d 2
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/0/ Notations:

We have the totally separable packing { B;: i<l }
where B =B(c;,1) =c¢;+B(0,1) ,
further let r-B, := B(c;,r) =c; + rrB(0,1) forany r>0.
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/1/ Recall: For totally separable packings
maximal number 2d of "kissing points"
<=> 1, .., 1, form a regular inscribed
cross-polytope.

/2l so  Nd'B; < U4 Vd-B;
/3] let m :=the number of B; having 2d "kissing points” (m <n)
14/ so svoly, (U; VdB; ) < (n-m) d@12 svol, ,(B(0,1))

/5/ Osserman’s (1978) isoperimetric quotient Ig(.) and -inequality

SVOld_ 1 (bd(Bd)) d

IQ(Bd) — Vold(Bd)d—l — ddVOld(Bd) <
1 (bd(U VdB ))d
SVOlg—1 | i
< Iq( L;J\/(_iBz) = voly( U\/EB@ )d—1
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/6/ so

svolg_1 (bd(| J VB, )

n—m 2> d—1
d 2 svoly_1 (bd(Bd))
a—1
n_ d

>

— d—1 vVd d—1

d 2 5sep ( T " d) d
where  d,(R,d) := max density of R-separable ball packings
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[7] finally

c(n,d) < % (2dn — (n — m))

1 d—1
E d‘n T n d
207 Syop (%2, d) T
1 _
< dn - n'T
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18/ Def:  8,(R,d) := max density of R-separable ball packings

2. volg(B;)

dsep(R,d) = sup | lim su B: CQa
vl ) PBEI: A=+ 05 vola(Qx)

and a (finite or infinite) packing of balls P={B, : 1 el} is called
(locally) R-separable iff foreachi el the finite packing
{B;: B; = RB; } Istotally separable (in RB. )
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/91 Lemma: If {B,:i1<n} Isan R-separable ball packing, then

'n,vold (Bd)

553 Rad > n
2 ) 2 volg ( QIQRBE)
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Proof of Thm 3: c(n,3) < [3n —1.346 ns |

... sSimilar but longer argument ... .
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Thanks for your attention !
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