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Q_c_ﬁ KSR™ convex Gody: compec(:,
convex, intk+@.
Net. V(K) : volume of K.
Neot. O€ int K : Po,at body K*:=
{xeR™ l VkeK x k><4}).
Also convex body, with O€intK™,
k*)*=K.
N 0'33!»n¢(2n‘¢. DK is unit ball of
an n-dimensional Banach space X,
then K* is unit ball of dual space X'
(X, X' identitied vie scalar procud
< L))
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Det. Volume precluct: V(K)V( K*)

' ‘ lf lamro’anf urul‘l‘ non-:ingu lof

linear transformeaticons.

Or.‘s inater from Blaschke, Mahler.
Turned out to be very importent

in the local theory of Bonach spaces
(asymptotic study of 5\0'9‘\ finite
dimensional Banach spaces), where
it har relations to a number of
other &aroct§r.'sl'-‘cl of there Banach
spoces.

It emerger in at least € different
mathematical disciplines.



Qu, Mo’nc‘nun, maximesm of volume

producl-z‘
&;{: 4) K= Euclidean writ ball, with

velume =1, D V (k) V(K*)exz;
=V (2eT+ a-(ﬁ)“' .

2) K= cube [=1.11%, or regule.
cross-polytope convite} =
VIK)V(K *)- %'-

n T (let cm)'." .




Prop xe€intk= V((K=-x)")= °
7".,_[ (‘flk(«)—(x.té)-“ dae,

gn-a

where "LK () =supporl- funection
of K := max{(k,u)‘ l(ék},

for weST™ .

srad o V((k-x)*).-.

f %(‘t («)-(x.«a-ﬁ-"d;u.,
L T: K

te
SCCOH?CJ;RQJ'Q»E.‘.‘ of V((k-xw
f a ponl‘n've definite qwdf‘&"

form
Cor. 3! xeintk V((K-2*) is

minimal

dist (x, bd K) 20 = V((K-x)")9e
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Def. This unique x is:
Santald point of kK :=a(lk).
K O-symmetric= a(K)=0.
In geometry it it unnaturel
te restrict bo O- Symmateic bodves,
which is natural in the local
theory of Banach spoces.
Importance of Santald point
show; up only o q:ymm&ro'c case,

ane also leads to proots, un,ugud

" o-symmgﬁn'c cate on'y.
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Good gu. minimum, meximum of
V)V (k- s0)*]=2
(a minimum, and a minimax
pu‘lcn).
This quaneiey g inveriant

under affinities.



UPPER BOUND

'M (Blaschke, Santald, Saint Rﬂy'nond,
Petty, Meyer- Pajor)
V(K) V[( K"Q(k))*] < ltz; |
weilhlipipubity Ketumt gt
C“‘ploa'd



M (Rall, Meojct-Pa}év. : A

l Artstein-Avidan—Klartag- Milman,
M [ 3er- Rec‘me r)
Steiner Sy mmetrization
proves this, Namely, Steiner
symmetrization does not
decrease V(K) VI( K-a( l())*] :
and sh:cﬂoj incceases it, unless
K is an ellipsoid.
This is simplest preof, comparable
to that of the isoperimetric
inequality by Steiner

sy mmelrization.



Steiner symmetrization:




LOWER QOUN“DE*—’
’ Eo_nj_. (Mahler-6 qygenhe}me r)

K O-symmetbric =

Vi) V[ (K- (k) *]= vl V(K™

2 3—; =n  (het+eotn)™,
4

with qualﬂ:g uadl, for wunit
LY AMY ER~

balls of Hansen-Lima Banech

speces, ie, Banach spacer
indauctively defined from
Banach spaces of lower
dimensions, teking ( Minkewski

Sumys, or convexr hulls of unit
balls.



e, €2 or €1 sums,

beainm'ng with n=1.



SR DT TR
Conj. (Mahler)

Vv (K) V!(k - s(k))*] 2

n+
el = W (e )™,

with equa ll’l:, QXacﬂ¥ for

a .rimplex.



gtncral é!owu Bounds “

'MA_ (Bourgain-Milman, G. Kuperbe rg)
K 0-symmetric =3>z
VIKIV(K ) 2 £2= =

-“ (eT+ 0(1))
Th.28 (Bou rqain- Milmen, G. Kuperberg)
V(K) V[(l(-s(lt))* >
consben (e /)™



Lﬂp Lower Eguno‘i

For Spccio' Bodlies
Beglies with hioh rymmetey

Th.3A (Soint qummd. Meyer, Re itner)

K is .rymne&n'e w.ed. all
cocrdinate h ,pcvplﬂn“

(thur is O- symmetric),

also called unconditional body
(corresponeling to an
uncenditicnal nerm) =

V(K V(K™) 3 -‘% \

with eque lity e:;cél, fer

the conjectured cases, ic,

Hansen-L ima tpaces.
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A3 -Frqme
LT

K

lex =
wlar gimp N (,“,1)
\'/‘(,l()V[(K- (k)" | 2 -——F— ,
with quolol‘, e.q. for a

Simplex.



Zoneids o
Th. & (Reisner)
K is O—Jynncﬁn‘e. 2oncid,
i.e, @ limit in the Hawsderff
meteie of Einibe sums of
¥y &°
S¢3m¢nl‘s = VIKIVIK™) 2 1 >
n!
wilth q'uol&, 38acﬂy for q
para d ldo(’o,eg
(The other conjecturedl
equality cases are not 2¢n¢o'll.)
Coe. (Mahler- Reisner)
nzl, Kis 0-:,»m¢eu'¢. =3
VK V(K *) 23,
with quoli&g meﬂ, ler a

p.:q""@’ fam,



Y Tl e ey -~ e i
Pla ner cose Me"c"‘) .
- Th.S. {MQH";I(") VI(K-“”) J;T’
- for a
“‘."\ Qqua'iey exactly fo
-~

fn’an.,'c.



Lecal minima =020

 Th.CA. (Na2arcv-Petrov-Rjabegin-
Zvavig)
Among O-symmetric K's,
parallelobope has a strictly
locally minimal volume
product.

Th.CB. (Kim-Reisner)
Simplex has a strictly lecally

minimal yolume p',éiucf.



Polyheelra with a cmoll number of ol
 veebices or (n-1)-foces
Th.7A. (Lopea-Reisner)
nsd ' K is O'Jvmmd:n’c polyt‘ope,

with at mast ant+1 oppaik.

pairs of vertices, or (n-1)-faces
"

D VIOVIKY) =2 . with

n{
equality exaclly for conjectured
HANNER-
equality cases, i.e, Hansen-Lima

spaces.
TLFR (Meyer-Reisner)

K is a polytepe, with at mostn 3
vertices or (n-1)-faces =

n
VBV](k- sc)¥] 2 22t

with gqug'a'fy exachl Yy for ﬂ"ﬂhpkm




STABILITY VARIAMTS 2

Several of the abeve thecrems
de not only determine the equality
cases, but alro, if we have a body
with volume procluct g-close to
the extremal velue, then the body
it J(e)-close to an extremea| body,
where (&) is typically o power of
&.



O-:’mmetro‘c cale

ge neral case



/B
g_l_‘.;_ K,LCR"’ Convey 600“‘3:

Sam (K. U=

Banach-Marur distance

of K and L :=

miu{ XI’A,' ‘ )‘-)0,

J A atbtinity, Ix.yeR™,
A KtxcALc ) Kty

Foe K. L O-J,Mm ebrce thig
is Banach-Mazur distance

of Banach spaces with unit
balls K, L.
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We have .l'hnbl“ﬁ, of the wupper

bound result, for n=23
— where probably the order of
£(c) is net oph’m.l,
We have Jfaﬁo’h’é". amcng ¢he
lover bound results, for zonoids,
for the planar case. and for the
lecal minime
- for ecach of which the order
of {(&) is optimal.



FUNCTIONAL VARIANTS %=

" One can consider, rathes than convey
badlies, log-concave funetions

- & R™-R , i.e, 120, and losf

i§ concave .

A convex 504‘3 K, with 0eintk s
mapped be £6d:= e-n”.}‘/z
(where WMl isthe asymmebric

netemn with unit ball K).



Thea velume qoes over bo a3
const, f {6 dx.
'o'.n(‘, Ke> k™ qoes over be
~dogt, - -ﬁ,t* being Leyembe
transforms of each other.
Def. Legendre trenstorm of ?:R“"R:
Lo, defined by
(J.y)(x)== Sup {(x, 3)-96,)' QGR“} )
Unforfunateh,, to translabions of
IK (preserving 0€a'nl'|() there are
no corresponding goed Eranstormalion
Seo wpper estimates Follow only in the
O-SQde:n'c case 4 f even), when the
funclion corresponding o the
Euclidean unit ball gives the meaximum



 (bhas implies Blaschke-Santaled 26
| 3a¢quc|ﬂ'3. o'lgmnc-‘ric case).
For lower estimate no translalions
ace needed (that is question of
min{ VIKYV(K*) | 0€ int K},
Then the tunctional intqua“fy
cormpondc'ns to the c’ﬂeque'ify
VIKIVIK¥) 2 ™™ . const™ holds
(thus implies inverse Blaschke-
fantaléd a‘ncquqlo‘by,. up to the

value of the constant)



