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Joel D. Berman and Kit Hanes
Nobuaki Mutoh
Á. G.H. and Zsolt Lángi
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Á. G.H. and Zsolt Lángi
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An elementary problem

Regular triangles in action

Given two regular triangles with common centre in the 3-dimensional
space.

Determine the volume function of the convex hull of the six vertices!

v =
r3

2
sin γ(cosα + cosβ).
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An elementary problem

Optimal arrangement

Combinatorial (non-regular) octahedron

It is clear that the regular octahedron gives the maximal volume polytope
inscribed in the unit sphere with six vertices.
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An elementary problem

Problems

1 Determine the maximal volume polytopes inscribed in the unit sphere
with given number of vertices!

(For n = 6 the solution is the regular
octahedron).

2 Given n points in the unit sphere with prescribed conditions.
Determine those arrangements whose convex hull have maximal
volume! (For n = 6 if the point system is the union of the vertex sets
of two regular triangle we exclude the regular octahedron among the
possible solutions.)

P. Brass, W. Moser and J. Pach, Research Problems in Discrete
Geometry, Springer, New York, 2005.

Croft, H. T., Falconer K.J., Guy, R.K., Unsolved Problems in
Geometry, Vol. 2, Springer, New York, 1991.
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Maximal volume polytopes inscribed in the unit sphere László Fejes-Tóth

László Fejes-Tóth

Fejes-Tóth, L., Regular Figures, The Macmillan Company, New York,
1964.
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Maximal volume polytopes inscribed in the unit sphere László Fejes-Tóth

Inequalities of László Fejes-Tóth

Two important results of the genetics of the Platonic solids are
contained in the following

Theorem

If V denotes the volume, r the inradius and R the circumradius of a
convex polyhedron having f faces, v vertices and e edges, then

e

3
sin

πf

e

(
tan2 πf

2e
tan2 πv

2e

)
r3 ≤ V

and

V ≤ 2e

3
cos2 πf

2e
cot

πv

2e

(
1− cot2 πf

2e
cot2 πv

2e

)
R3.

Equality holds in both inequalities only for regular polyhedra.

a polyhedron with a given number of faces f is always a limiting
figure of a trihedral polyhedron with f faces. Similarly, a
polyhedron with a given number v of vertices is always the
limiting figure of a trigonal polyhedron with v vertices.
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Maximal volume polytopes inscribed in the unit sphere László Fejes-Tóth

Solution of the first cases

ωn =
n

n − 2

π

6

we get

(f−2) sin 2ωf

(
3 tan2 ωf − 1

)
r3 ≤ V ≤ 2

√
3

9
(f − 2) cos2 ωf

(
3− cot2 ωf

)
R3,

√
3

2
(v − 2)

(
3 tan2 ωv − 1

)
r3 ≤ V ≤ 1

6
(v − 2) cotωv

(
3− cot2 ωv

)
R3.

Equality holds in the first two inequalities only for regular
tetrahedron, hexahedron and dodecahedron (f=4, 6, 12) and in
the last two inequalities only for the regular tetrahedron,
octahedron and icosahedron (v=4, 6, 12).
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Maximal volume polytopes inscribed in the unit sphere László Fejes-Tóth

Spherical and rectilineal triangles, central angles

Á.G. Horváth (BME, Hungary) Volume of convex hull... GeoSym 2015 9 / 45



Maximal volume polytopes inscribed in the unit sphere László Fejes-Tóth

A generalization of the icosahedron inequality

Let αA, αB and αC denote the resp. angles of the rectilineal triangle
ABC . These are the central angles of the spherical edges BC , AC and
AB, respectively.

Lemma

Let ABC be a triangle inscribed in the unit sphere. Then there is an
isosceles triangle A′B ′C ′ inscribed in the unit sphere with the following
properties:

the greatest central angles and also the spherical areas of the two
triangles are equal to each other, respectively;

the volume of the facial tetrahedron with base A′B ′C ′ is greater than
or equal to the volume of the facial tetrahedron with base ABC .
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Maximal volume polytopes inscribed in the unit sphere László Fejes-Tóth

Upper bounds on the volume

Proposition

Let the spherical area of the spherical triangle ABC be τ . Let αC be the
greatest central angle of ABC corresponding to AB. Then the volume V
of the Euclidean pyramid with base ABC and apex O holds the inequality

V ≤ 1

3
tan

τ

2

(
2− |AB|

2

4

(
1 +

1

(1 + cosαC )

))
. (1)

In terms of τ and c := AB we have

V ≤ v(τ, c) :=
1

6
sin c

cos τ−c2 − cos τ2 cos c
2

1− cos c
2 cos τ2

. (2)

Equality holds if and only if |AC | = |CB|.
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Maximal volume polytopes inscribed in the unit sphere László Fejes-Tóth

Domain of concavity and the function f (τ)

D := {0 < τ < π/2, τ ≤ c < min{f (τ), 2 sin−1
√

2/3}}
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Maximal volume polytopes inscribed in the unit sphere László Fejes-Tóth

Theorem

Assume that 0 < τi < π/2 holds for all i . For i = 1, . . . , f ′ we require the
inequalities 0 < τi ≤ ci ≤ min{f (τi ), 2 sin−1

√
2/3} and for all j with

j ≥ f ′ the inequalities 0 < f (τj) ≤ cj ≤ 2 sin−1
√

2/3, respectively. Let

denote c ′ := 1
f ′

f ′∑
i=1

ci , c
? := 1

f−f ′
f∑

i=f ′+1

f (τi ) and τ ′ :=
f∑

i=f ′+1

τi ,

respectively. Then we have

v(P) ≤ f

6
sin

(
f ′c ′ + (f − f ′)c?

f

)
×

×
cos
(

4π−f ′c ′−(f−f ′)c?
2f

)
− cos 2π

f cos
(
f ′c ′+(f−f ′)c?

2f

)
1− cos 4π

2f cos
(
f ′c ′+(f−f ′)c?

2f

) .
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Maximal volume polytopes inscribed in the unit sphere László Fejes-Tóth

When f ′ = f we have the following formula:

v(P) ≤ f

6
sin c ′

cos
(

2π
f −

c ′

2

)
− cos 2π

f cos c ′

2

1− cos c ′

2 cos 2π
f

, (3)

where c ′ = 1
f

f∑
i=1

ci . In this case the upper bound is sharp if all

face-triangles are isosceles ones with the same area and maximal edge
lengths. Consider the corresponding triangulation of the sphere. Observe
that a polyhedron related to such a tiling, in general, could not be convex.

Problem

Give such values τ and c that the isosceles spherical triangle with area τ
and unique maximal edge length c can generate a tiling of the unit sphere.
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Maximal volume polytopes inscribed in the unit sphere Joel D. Berman and Kit Hanes

Local extremity of a point system

Definition

Let P ∈ Pd(n) be a d-polytope with V (P) = {p1, p2, . . . , pn}. If for each
i , there is an open set Ui ⊂ Sd−1 such that pi ∈ Ui , and for any q ∈ Ui ,
we have

vold (conv ((V (P) \ {pi}) ∪ {q})) ≤ vold (P) ,

then we say that P satisfies Property Z.
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Maximal volume polytopes inscribed in the unit sphere Joel D. Berman and Kit Hanes

Main lemma

Lemma

Let P with vertices p1, . . . , pn have property Z . Let C (P) be any oriented
complex associated with P such that vol(C (P)) ≥ 0. Suppose s12, . . . , s1r

are all the edges of C (P) incident with p1 and that p2, p3, p1; p3, p4, p1; ...
;pr , p2, p1 are orders for faces consistent with the orientation of C (P).

i, Then p1 = m/|m| where m = n23 + n34 + · · ·+ nr2.

ii, Furthermore, each face of P is triangular.
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Maximal volume polytopes inscribed in the unit sphere Joel D. Berman and Kit Hanes

Optimal configurations (n ≤ 7)

The maximal volume polyhedron for n = 4 is the regular simplex. For
n = 5, 6, 7 they are so-called double n-pyramids, respectively.

By a double n-pyramid (for n ≥ 5), is meant a
complex of n vertices with two vertices of valence
n − 2 each of which is connected by an edge to
each of the remaining n − 2 vertices, all of which
have valence 4. The 2(n − 2) faces of a double
n-pyramid are all triangular. A polyhedron P is a
double n-pyramid provided each of its faces is
triangular and some C (P) is a double n-pyramid.

Lemma

If P is a double n-pyramid with property Z then P is unique up to
congruence and its volume is [(n − 2)/3] sin 2π/(n − 2).
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Maximal volume polytopes inscribed in the unit sphere Joel D. Berman and Kit Hanes

Optimal configurations (n=8)

For n = 8 there exists only two non-isomorphic complexes which have no
vertices of valence 3. One of them the double 8-pyramid and the other one
has four valence 4 vertices and four valence 5 vertices, and therefore it is
the medial complex. It has been shown that if this latter has Property Z
then P is uniquely determined up to congruence and its volume is√[

475+29
√

145
250

]
giving the maximal volume polyhedron with eight vertices.
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Maximal volume polytopes inscribed in the unit sphere Joel D. Berman and Kit Hanes

Problems

Problem

For which types of polyhedra does Property Z determine a unique
polyhedron. More generally, for each isomorphism class of polyhedra is
there one and only one polyhedron (up to congruence) which gives a
relative maximum for the volume?

Problem

For n = 4, . . . , 7 the duals of the polyhedra of maximum volume are just
those polyhedra with n faces circumscribed about the unit sphere of
minimum volume. For n = 8 the dual of the maximal volume polyhedron
(described above) is the best known solution to the isoperimetric problem
for polyhedra with 8 faces. Is this true in general?

Berman, J. D., Hanes, K., Volumes of polyhedra inscribed in the unit
sphere in E 3, Math. Ann. 188 (1970), 78–84.
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Maximal volume polytopes inscribed in the unit sphere Nobuaki Mutoh

The results of a computer based search

N : the cardinality of vertices
V : the value of the volumes
F : the number of the faces
degree : the number of that
vertices which have a given
valence in the polyhedra
Emin : the minimal edge
lengths of the polyhedron
Emax : the maximal edge
lengths of the polyhedron
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Maximal volume polytopes inscribed in the unit sphere Nobuaki Mutoh

Note I

N. Mutoh, The polyhedra of maximal volume inscribed in the unit
sphere and of minimal volume circumscribed about the unit sphere,
JCDCG, Lecture Notes in Computer Science 2866 (2002), 204–214.

Remark

It seems to be that the conjecture of Grace on medial polyhedron is falls
because the optimal ones in the cases n = 11 and n = 13 are not medial
ones, respectively.
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Maximal volume polytopes inscribed in the unit sphere Nobuaki Mutoh

Note II

Remark

”Goldberg conjectured that the polyhedron of maximal volume inscribed
to the unit sphere and the polyhedron of minimal volume circumscribed
about the unit sphere are dual. A comparison of Table 1 and 3 shows that
the number of vertices and the number of faces of the two class of
polyhedra correspond with each other. The degrees of vertices of the
polyhedra of maximal volume inscribed in the unit sphere correspond to
the numbers of vertices of faces of the polyhedra of minimal volume
circumscribed about the unit sphere. Indeed, the volume of polyhedra
whose vertices are the contact points of the unit sphere and the polyhedra
circumscribed about the unit sphere differs only by 0.07299% from the
volume of the polyhedra inscribed in the unit sphere.”
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Maximal volume polytopes inscribed in the unit sphere Á. G.H. and Zsolt Lángi

Lemmas

Lemma

Consider a polytope P ∈ Pd(n) satisfying Property Z. For any p ∈ V (P),
let Fp denote the family of the facets of C(P) containing p. For any
F ∈ Fp, set A(F , p) = vold−1 (conv ((V (F ) ∪ {o}) \ {p})), and let
m(F , p) be the unit normal vector of the hyperplane, spanned by
(V (F ) ∪ {o}) \ {p}, pointing in the direction of the half space containing
p.

Then we have p = m/|m|, where m =
∑

F∈Fp
A(F , p)m(F , p).

Furthermore P is simplicial.
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Maximal volume polytopes inscribed in the unit sphere Á. G.H. and Zsolt Lángi

Lemmas

Lemma

Let P ∈ Pd(n) satisfy Property Z, and let p ∈ V (P). Let q1, q2 ∈ V (P)
be adjacent to p. Assume that any facet of P containing p contains at
least one of q1 and q2, and for any S ⊂ V (P) of cardinality d − 2,
conv(S ∪ {p, q1}) is a facet of P not containing q2 if, and only if
conv(S ∪ {p, q2}) is a facet of P not containing q1. Then
|q1 − p| = |q2 − p|.
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Maximal volume polytopes inscribed in the unit sphere Á. G.H. and Zsolt Lángi

Results on simplices

Corollary

If P ∈ Pd(d + 1) and vold(P) = vd(d + 1), then P is a regular simplex
inscribed in Sd−1.

Böröczky, K., On an extremum property of the regular simplex in Sd .
Colloq. Math. Soc. János Bolyai 48 Intuitive Geometry, Siófok, 1985,
117–121.

Theorem

The above result is true in spherical geometry, too.
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Maximal volume polytopes inscribed in the unit sphere Á. G.H. and Zsolt Lángi

Results on simplices

Haagerup, U., Munkholm, H. J., Simplices of maximal volume in
hyperbolic n-space. Acta. Math. 147 (1981), 1- 12.

Theorem

In hyperbolic n-space, for n ≥ 2, a simplex is of maximal volume if and
only if it is ideal and regular.

Recent observations:

Proposition

For d = 2 a triangle is of maximal area

inscribed in the unit circle if and only if it is regular,

inscribed in a hypercycle, if and only if its two vertices are ideal ones.

There is no triangle inscribed in a paracycle of maximal area.

We note that an cyclic n-gon is of maximal area if and only if it is regular.
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Maximal volume polytopes inscribed in the unit sphere Á. G.H. and Zsolt Lángi

n=d+2

Theorem

Let P ∈ Pd(d + 2) have maximal volume over Pd(d + 2). Then
P = conv(P1 ∪ P2), where P1 and P2 are regular simplices of dimensions
bd2 c and dd2 e, respectively, inscribed in Sd−1, and contained in orthogonal
linear subspaces of Rd . Furthermore,

vd(d + 2) =
1

d!
· (bd/2c+ 1)

bd/2c+1
2 · (dd/2e+ 1)

dd/2e+1
2

bd/2c
bd/2c

2 · dd/2e
dd/2e

2
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Maximal volume polytopes inscribed in the unit sphere Á. G.H. and Zsolt Lángi

n=d+3

Theorem

Let P ∈ Pd(d + 3) satisfy Property Z. If P is even, assume that P is not
cyclic. Then P = conv{P1 ∪ P2 ∪ P3}, where P1, P2 and P3 are regular
simplices inscribed in Sd−1 and contained in three mutually orthogonal
linear subspaces of Rd . Furthermore:

If d is odd and P has maximal volume over Pd(d + 3), then the
dimensions of P1, P2 and P3 are bd/3c or dd/3e. In particular, in this
case we have

(vd(d + 3) =) vold(P) =
1

d!
·

3∏
i=1

(ki + 1)
ki+1

2

k
ki
2
i

,

where k1 + k2 + k3 = d and for every i , we have ki ∈
{
bd3 c, d

d
3 e
}

.

The same holds if d is even and P has maximal volume over the
family of not cyclic elements of Pd(d + 3).
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Maximal volume polytopes inscribed in the unit sphere Á. G.H. and Zsolt Lángi

Problem

Is it true that if P ∈ Pd(d + 3), where d is even, has volume vd(d + 3),
then P is not cyclic?
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On the volume of convex hull of two bodies

Main lemma on the volume function

I. Fáry & L. Rédey (1950)
C.A. Rogers & G.C. Shephard (1958)
H. Ahn, P.Brass & C. Shin (2008)

Lemma (Main lemma)

The real valued function g of the real variable x defined by the fixed
vector t and the formula

g(x) := Vol(conv(K ∪ (K ′ + t(x))), where t(x) := xt,

is convex.
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On the volume of convex hull of two bodies István Fáry and László Rédey

Fáry, I., Rédei, L. Der zentralsymmetrische Kern und die
zentralsymmetrische Hülle von konvexen Körpern. Math. Annalen.
122 (1950), 205-220.

Fáry and Rédey introduced the concepts of inner symmetricity (or outer
symmetricity) of a convex body with the ratio (or inverse ratio) of the
maximal (or minimal) volumes of the centrally symmetric bodies inscribed
in (or circumscribed about) the given body.
Inner symmetricity of a simplex S is

c?(S) =
1

(n + 1)n

∑
0≤ν≤ n+1

2

(−1)ν
(
n + 1

ν

)
(n + 1− 2ν)n. (4)

Outer symmetricity of S is

c?(S) =
1( n
n0

) , (5)

where n0 = n/2 if n is even and n0 = (n − 1)/2 if n is an odd number.
The above values attain when we consider the volume of the intersection
(or the convex hull of the union) of S with its centrally reflected copy SO .
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On the volume of convex hull of two bodies Claude Ambrose Rogers and Geoffrey Colin Shephard

Definition

For two convex bodies K and L in Rn, let

c(K , L) = max
{

vol(conv(K ′ ∪ L′)) : K ′ ∼= K , L′ ∼= L and K ′ ∩ L′ 6= ∅
}
,

where vol denotes n-dimensional Lebesgue measure. Furthermore, if S is a
set of isometries of Rn, we set

c(K |S) =
1

vol(K )
max

{
vol(conv(K ∪ K ′))

}
is taken the maximum for those bodies K ′ for which K ∩ K ′ 6= ∅ and
K ′ = σ(K ) for some σ ∈ S.
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On the volume of convex hull of two bodies Claude Ambrose Rogers and Geoffrey Colin Shephard

Rogers, C.A., Shephard G.C., Some extremal problems for convex
bodies. Mathematika 5/2 (1958), 93–102.

A quantity similar to c(K , L) was defined by Rogers and Shephard, in
which congruent copies were replaced by translates. It has been shown
that the minimum of c(K |S), taken over the family of convex bodies in
Rn, is its value for an n-dimensional Euclidean ball, if S is the set of
translations or that of reflections about a point.
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On the volume of convex hull of two bodies Claude Ambrose Rogers and Geoffrey Colin Shephard

Generalization of the Main Lemma

Definition

Let I be an arbitrary index set, with each member i of which is associated
a point ai in n-dimensional space, and a real number λi , where the sets
{ai}i∈I and {λi}i∈I are each bounded. If e is a fixed point and t is any
real number, A(t) denotes the set of points

{ai + tλie}ı∈I ,

and C (t) is the least convex cover of this set of points, then the system of
convex sets C (t) is called a linear parameter system.

It was proved that the volume V (t) of the set C (t) of a linear parameter
system is a convex function of t.
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On the volume of convex hull of two bodies Claude Ambrose Rogers and Geoffrey Colin Shephard

Results of Rogers and Shepard

Theorem

1 +
2Jn−1

Jn
≤ vol(R?K )

vol(K )
≤ 2n,

where Jn is the volume of the unit sphere in n-dimensional space, R?K is
the number to maximize with respect to a point a of K the volumes of the
least centrally symmetric convex body with centre a and containing K .
Equality holds on the left, if K is an ellipsoid; and on the right, if, and
only if, K is a simplex. If K is centrally symmetric, then the upper bound
is 1 + n. Equality holds on the left if K is an ellipsoid, and on the right if
K is any centrally symmetric double-pyramid on a convex base.
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On the volume of convex hull of two bodies Claude Ambrose Rogers and Geoffrey Colin Shephard

Results of Rogers and Shepard

Theorem

If K is a convex body in n-dimensional space, then

1 +
2Jn−1

Jn
≤ vol(T ?K )

vol(K )
≤ 1 + n,

where T ?K denotes the so-called translation body of K . This is the body
for which the volume of K ∩ (K + x) 6= ∅ and the volume of C (K ,K + x)
is maximal one. Equality holds on the left if K is an ellipsoid, and on the
right if K is a simplex.

Conjecture

Equality holds on the left if and only if K is an ellipsoid
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On the volume of convex hull of two bodies Claude Ambrose Rogers and Geoffrey Colin Shephard

The volume of the circumscribed cylinder

Then K and dK (u)u + K touch each other and

vol(conv(K ∪ (dK (u)u + K )))

vol(K )
= 1 +

dK (u) voln−1(K |u⊥)

vol(K )
. (6)

Clearly, ctr (K ) := vol(T?K)
vol(K) is the maximum of this quantity over u ∈ Sn−1.
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On the volume of convex hull of two bodies Claude Ambrose Rogers and Geoffrey Colin Shephard

H. Martini and Z. Mustafaev

Martini, H. and Mustafaev, Z., Some applications of cross-section
measures in Minkowski spaces, Period. Math. Hungar. 53 (2006),
185-197.

Theorem

For any convex body K ∈ Kn, there is a direction u ∈ Sn−1 such that,
dK (u) voln−1(K |u⊥)

vol(K) ≥ 2vn−1

vn
, and if for any direction u the two sides are

equal, then K is an ellipsoid.

Problem

Characterize those bodies of the d-space for which the quantity on the left
is independent from u! (translative constant volume property)
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On the volume of convex hull of two bodies Á. G.H. and Zsolt Lángi

Zsolt Lángi and Á.G.H

Theorem

For any K ∈ Kn with n ≥ 2, we have ctr (K ) ≥ 1 + 2vn−1

vn
with equality if,

and only if, K is an ellipsoid.

Theorem

For any plane convex body K ∈ K2 the following are equivalent.

(1) K satisfies the translative constant volume property.

(2) The boundary of 1
2 (K − K ) is a Radon curve.

(3) K is a body of constant width in a Radon norm.
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On the volume of convex hull of two bodies Á. G.H. and Zsolt Lángi

Symmetries with respect to r -flats

Theorem

For any K ∈ Kn with n ≥ 2, c1(K ) ≥ 1 + 2vn−1

vn
, with equality if, and only

if, K is an ellipsoid.

Theorem

For any K ∈ Kn with n ≥ 2, cn−1(K ) ≥ 1 + 2vn−1

vn
, with equality if, and

only if, K is a Euclidean ball.
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On the volume of convex hull of two bodies Hee-Kap Ahn, Peter Brass and Chan-Su Shin

Algorithmic results on the base of the Main Lemma

Theorem

Given two convex polyhedra P and Q in three-dimensional space, we can
compute the translation vector t of Q that minimizes
vol(conv(P ∪ (Q + t))) in expected time O(n3 log4 n). The d-dimensional
problem can be solved in expected time O(nd+1−3/d(logn)d+1).
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A more complicated elementary problem

Regular tetrahedra in action

Theorem

The value v = 8
3
√

3
r3 is an upper bound for the volume of the convex hull

of two regular tetrahedra are in dual position. It is attained if and only if
the eight vertices of the two tetrahedra are the vertices of a cube inscribed
in the common circumscribed sphere.
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Á.G. Horváth (BME, Hungary) Volume of convex hull... GeoSym 2015 42 / 45



A more complicated elementary problem

We can omit the extra condition...

Proposition

Assume that the closed regular spherical simplices S(1, 2, 3) and S(4, 2, 3)
contains the vertices 2′, 4′ and 1′, 3′, respectively. Then the two tetrahedra
are the same.

Theorem

Consider two regular tetrahedra inscribed into the unit sphere. The
maximal volume of the convex hull P of the eight vertices is the volume of
the cube C inscribed in to unit sphere, so

v(P) ≤ v(C ) =
8

3
√

3
.
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A more complicated elementary problem
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Thank you for your attention!
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