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Mortivations

Kneser—Poulsen Conjecture (I954-55)
Suppose that for the points p1,...,py and qi,...,qy in R?,

Ipi = pjll > llai —aq;ll V1<i<j<N.

Do these inequalities imply for the inequality

N N
Voly (U B(pm")) > Vol (U B(Qz‘ﬂ"))

i=1 i=1

Qe

forr > 07



Theorem (K. Bezdek, R. Connelly)

If there exist continuous curves ;: [0,1] — R%*2 such that v;(0) = p;,
~i(1) = q;, and ||v; — ;]| is a decreasing function for all 1 <i < j < N,

then
N N
Vol (U B(pi,r)> > Voly <U B(qi,r)>
i=1 i=1
and
N N
Volg <ﬂ B(pi,r)> < Volg (ﬂ B(qi,r)>
i=1 i=1
for r > 0.

Leapfroa Lemma

For any two systems of points p = (p1,...,pn) andq = (qi1,...,qn) in
R?, there exist continuous curves 7;: [0,1] — R>? such that ~;(0) = p;,
vi(1) = q;, and ||; —;l|| is @ monotonous fuction for all 1 <i < j < N.

Corollary
The Kneser—Poulsen conjecture is true in R?.



» Let f be formal expression built from the variables x1,...,xnx and
the operation symbols U and N such that each variable appears in
the expression exactly once.

» f can be visualized by a rooted tree in which leaves are labelled by
the variables x1,...,zy, inner nodes are labelled by N and U
symbols.

O C D C

.I‘7 Xy
> The sign ¢;; € {1} is —1 if the paths from the vertices x; and z;

first meet at a vertex labelled by M, €;; = 1 otherwise.

Definition
Evaluation of f on some balls is a flower.



Theorem (B. Csikds)
If there exist continuous curves +;: [0,1] — R¥*2 such that v;(0) = p;,

vi(1) = q;, and €;;||v; — ;|| is a decreasing function for all
1<i<j<N, then

Vol (f(B(plaT) .- '7B(pN3T))) > Volg (f(B(qlv’r) s ’B(qur))) :

Definition
For a bounded set K C R? we define
» the support function hgx: S — R,
hi(u) = suppe g (u, p);
» the width in the direction of u € S 1,
wi () = hg(u) + hg(—u); v

» the mean width
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Proposition

For a fixed system of centers p = (p1,...,Pn) € (RN, if r is large,
then
N d
_ d d-1 d—2
VOld(H B(p;, r)) =wq(r+ §w(p)r +0(r7?)).
Theorem (. Goreovickis)
.. and
N d
_ d d—1 d—2
Vold( rjl B(pi, r)) = wq(r® — §w(p)r +0(r7?)).

Theorem (V. Sudakov, R.. Alexander, V. Capoyleas, J.
Pach)
If lpi — pjll = llai — a || for all i < j, then w(p) > w(q).

Theorem (. Goreovickis)
Equality holds < p is congruent to q.



Boolean expressions

By = Blx1,...,xN] — free Boolean algebra

binary operations U, N, \,

complement operation f — f,

() and X the minimal and maximal elements respectively.

For I C [N] ={1,..., N} define the atomic expression a; by

ar = (ﬂa:j)m(ﬂzj)

jel il

vV v.v. vy

v

Every Boolean expression f € By has a unique decomposition
f: U ar.

arCf

IBy| = 22"
Reduced Euler characteristic: Xn(f) = Y, c (=D)L

v

v



Example

N=2

4 atomic expressions
)22' By = [-2,2]NZ
Xa(21) = Xx2(22) =0
Xa2(z1 Nag) = -1
X2(r1Uze) =1
(:cleg) =2
Xo(Z1D22) = =2

vV V. vV vV VvV VvV VY



Boolean mean width

> f € Bn,

» p=(p1,...,pn) € (R"))Y, points in general position,
> e = [p;,P;] a segment connecting two points,

» S42(et) ={u|u Leand |ul| =1},

e

We define a function
vie: ST et) — {-2,-1,0,1,2}
as follows.
0 ifprecll_u
yr =9 X ifpp€lliu
s x, it ke {i,j}
¢ . : * f(y177yN)682[$“£E‘7]
& u
.< 9 . Vf7€(u> = XQ(f(yla7yN))
I1_(u) I, (u) The Boolean mean width is defined as
pj

wy(p) := Z (/Sdz( . Vf’e(u)du> le.

e



Results

Theorem
For a fixed system of centers p = (p1,...,pn) € (ROHY, if
By(p,r) = f(B(p1,7),...,B(PnN, 7)) is bounded and r is large, then

Vola(By(p. 1)) = wa(vyr! + Gus ()™ + 0G1-2))

where vy =1 if f O (), x;, and vy = 0 otherwise.

Theorem
If f*(x1,...,2n) = f(Z1,...,ZnN) is the dual Boolean expression, then
wf = —wf*.

Theorem
If f is in the free lattice generated by x1,...,x N, then f can be evalu-
ated on real numbers by a Ub = max{a,b} and a Nb = min{a,b}. In
that case,

wf(p):2 f((pl,u>,...,<pN,u>)du.

sd—1



Results

Theorem

Let f be an expression built from the variables x1,...,x N and the
operations U and N so that each variable appears in the expression
exactly once. Let ¢;; be the signs as earlier. Then if If

einpi — ij > einqi — Qj|| for all i < 7 then

wy(p) > wr(q).

Question
Can we have equality if p is not congruent to q7

Coroallary (IF YES)

If the answer to the question is yes, then under the conditions of the
theorem above,

Voly(Bs(p,r)) > Voly(By(p,7))

for sufficiently large v, and a similar inequality holds also for the surface
volume of the boundaries of these flowers.






