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class is shown larger; colors between the configuration and the reduced Levi graph
correspond.

Figure 20: Two unusual 4-astral 3-configurations, and the corresponding general reduced
Levi graphs.
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Fig. 19. Configuration C4(17, (1, 8, 4, 2), (3, 7, 5, 6), −3).

To obtain a weak rotational realization we must avoid the coincidence of points and
lines.

Lemma 25. Given a rotational representation of a C4(k, p, q) configuration satisfying
(14) and (16), there are points which geometrically coincide if and only if there exist proper
subsequences p′ = (pi , . . . , p j ) and q ′ = (qi , . . . , q j ), 0 < | j − i | < n − 1, of p and q
which already satisfy the Eqs. (14) and (16).
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Fig. 21. Configuration C4(15, (1, 4, 5, 5), (3, 3, 3, 6)) has the property that there are four vertex orbits but only
three radii.

Remark 32. This lemma proves the last part of Theorem 15. The first possibility prevents
incidence of five points while the second one prevents six or more points to be incident
with one line.

Proof. Let a C4(k, p, q) configuration C satisfy (14) and (16) and let a line ℓ (and all lines
from the same line-orbit) of its uniquely determined rotational realization contain five or
more points. Let us assume that two of these points belong to orbit O j , two to O j+1 and
one of the remaining points to Oi .
If ℓ is tangent to the circle representingOi (hitting one of the configuration points), then

Ri = R j cos
p jπ
k . Since

R j = Ri
cos(piπ/k)
cos(qiπ/k)

· · · cos(p j−1π/k)
cos(q j−1π/k)

equality (18) must hold. Property (19) is also true; the sum is the shift of the point making
the additional incidence relative to orbitOi and must be an integer.
If ℓ intersects the circle representing Oi in two points and one of them is a realization

of a configuration point, then it is easy to see that the other intersection point is also
a realization of some point from the same orbit. Let r denote the distance (or jump)
between them in Oi . This means that p′ = (p1, . . . , p j−1, p j ) and q ′ = (q1, . . . , q j−1, r)
determine a C4(k, p′, q ′) configuration C ′ which is rotationally realizable in the plane.
Therefore, p′ and q ′ must satisfy Eqs. (14) and (16) by Lemma 22 which gives Case 2.
Considerations we made above show that the reverse is also true. The assumptions of

Case 1 imply that in the realization of C the line ℓ through points in orbits O j and O j+1
also passes through a realization of a point (exactly one) in orbit Oi (ℓ is tangent to the
circle representingOi ). The assumptions of Case 2 imply that in the realization of C there
exists a line ℓ which contains realizations of points in orbits O j , O j+1, and Oi . Note that

Boben & Pisanski, 2003; Grünbaum 2000s, 2009
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Figure 4. The general Levi graph of the configuration class. The arcs shown
in red and magenta are induced by the crossing spans Lemma, while the struc-
ture shown in blue are constructed via the Circumcircle Construction Lemma.

5. A family of coefficients that work

From [CITATION NEEDED] we know that a valid family of celestial 4-configurations is
given by 2q#{q � p, p, q � 2r}, {q � r, r, q � 2p}, for q � 4 and 0 < p, r < q. However,
configurations generated from this family will not always meet the criteria dictated by the
algorithm described above; specifically, the si and ti are not guaranteed to be disjoint sets.
To satisfy this requirement, we need to add three more restrictions on q, r, and p: that
r 6= p, that neither r nor p equal q

3 , and that p+ r 6= q.

k-celestial 4-
configuration (mk4)

k rings; k-2 
degrees of 
freedom 
((mk2)5)

Zm
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We reflect this labeling in the reduced Levi graph within the original configuration by
first constructing a subconfiguration consisting of the vertices and lines corresponding to
the + superscripted sub-reduced-Levi graph, and consider the labels of the vertices and
lines to be superscripted with + in the obvious way. Next, choose an arbitrary mirror
M passing through the center of the subconfiguration. Finally, reflect the vertices and
lines over M, and superscript the reflected images with � (see Figures 24a and 26a for
examples).

Now construct new nodes w+ and N+ and new arcs in the reduced Levi graph, by using
the configuration construction lemma in the configuration, by defining w+

0 to be the
intersection of the circumcircle through v+d , O and v+d�c with line L�

0 , and then define N+
0

to be the line through w+
0 , w

+
c , and v+d ; construct the other vertices w+

i and the lines N+
i

in the configuration in the appropriate way. Finally, reflect all the lines N+ and points w+

over M to construct N� and w�; this mirroring is indicated by green dashing in Figure
22. By construction, line N�

0 contains points w�
0 , w

�
c and v�d , and point w�

0 lies on lines
L+
0 , N

�
0 , and N�

c .

L

v

w

N
d

c

reduced

Levi

subgraph

+

reduced

Levi

subgraph �

L+

v+

L�

v�
N+

w+

c

d
N�

w�

c

d

Figure 22: Beginning with a reduced Levi graph for a chirally symmetric 3-configuration
that includes a double-arc, it is possible to convert the reduced Levi graph to a reduced
Levi graph for a dihedrally symmetric configuration.The final mirroring is indicated by
green dashing in the reduced Levi graph.

As indicated by the reduced Levi graphs, if the chirally symmetric 3-configurations have
h symmetry classes of points and lines, then the dihedralized versions have 2h symmetry
classes of points and lines under the symmetry group Zm. However, by construction,
the elements w+ and w� lie in the same symmetry class under the symmetry group Dm,
since by construction w+

0 reflects to w�
0 , etc. As explicit examples, we dihedralize a chiral

astral 3-configuration, to produce a dihedrally symmetric astral 3-configuration, which
gives a new geometric construction for the dihedral astral DD configurations discussed in

the electronic journal of combinatorics 16 (2009), #R00 25
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What can we say about the automorphism groups?

11
2

1
(123) “Zacharias”
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1
(153) Cremona-Richmond
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